The invertible, closed range, compact and Fredholm Multiplication operators are characterized in this paper.
Introduction and Preliminaries
Let R, R + and N denote the set of reals, non-negative reals and the set of natural numbers respectively. Let G, , µ be a σ-finite measure space and L 0 = L 0 G, , µ be the space of all (equivalence classes of) complex-valued functions defined on G. By ϕ : R → [0, ∞] we denote an Orlicz function, i.e., ϕ is convex, even, continuous at zero and left hand side continuous in the extended sense (that is infinite limits are not excluded) on R + (see [1] [2] [3] [4] [5] ). By M we denote a Musielak-Orlicz function, that is M : G × R → [0, ∞] and (1) M (t, .) is an Orlicz function for µ-a.e. t ∈ G, (2) M (., u) ∈ L 0 for any u ∈ R.
The function M generates on the space L 0 the convex modular
The space
is called the Musielak-Orlicz space generated by M . Its subspace E M is defined as
The space L M endowed with the Luxemberg norm
is a Banach space (see [6, 7] ). For every Musielak-Orlicz function M we define complementary function
It is easy to see that M * (t, v) is also Musielak-Orlicz function. We say that Musielak-Orlicz function M satisfies ∆ 2 -condition (write M ∈ ∆ 2 ) if there exists a constant k > 2 and a measurable non-negative function f such that M (f ) < ∞ and
for every u ≥ f (t) and for t ∈ G a.e.. For more details see [6] . Throughout this paper we assumed that M satisfies ∆ 2 -conditions.
We now define the types of spaces considered in this paper. For a Banach space (X, ||.|| X ), denote by L 0 (X), the family of strongly measurable functions f : G → X identifying functions which are equal
Then L M (G, X) becomes a Banach space with the norm
and it is called Musielak-Orlicz space of Bochner type see [6] . By B(L M (G, X)) we denote the set of all bounded linear operators from L M (G, X) into itself and θ : G → B(X) is a strongly measurable operator valued map.
For a strongly measurable function θ : G → B(X), the space of all bounded linear operators on Banach space X, the multiplication transformation m θ :
If m θ is continuous, we call it a multiplication operator induced by θ.
Multiplication operators has its roots in the spectral theory and is being pursued today in such guises as the theory of subnormal operators and the theory of Toeplitz operators. For more details see Abrahmse [8] , Axler [9] , Halmos [10] , Singh and Manhas [11] and Takagi [12] .
Multiplication Operators
In this section we characterize boundedness, invertibility, closed range, compactness and Fredholmness of multiplication operators on Musielak-Orlicz spaces of Bochner type.
which implies that
Conversely, suppose that m θ is a bounded operator on
Then for every n ∈ N, there exists a measurable set E n = {t ∈ G : ||θ(t)|| > n} with µ(E n ) > 0. Therefore there exists vector x n ∈ X such that ||θ(t)x n || > n||x n || for µ-almost all t ∈ E n . Let F n be a measurable subset of E n with 0 < µ(F n ) < ∞ such that ||θ(t)|| > n for µ-almost all t ∈ F n . Let C xn : G → X be defined as
Therefore ||m θ C xn || ≥ n||C xn || for every n = 1, 2, . . .
which contradicts the boundedness of m θ . Hence θ must be in L ∞ (G, B(X)).
Now from (1), ||m θ || ≤ ||θ|| ∞ . To prove reverse inequality, let > 0. Then the set
For a measurable subset E of E such that µ(E) < ∞, let f E = f χ E . Now
This implies
Hence by (1) and (2) ||m θ || = ||θ|| ∞ .
This completes the proof.
Theorem 2.2 A multiplication transformation m θ which maps L M (G, X) into itself is always bounded.
Proof Let {f n } be a sequence in L M (G, X) which converges to f and {m θ f n } converges to g ∈ L M (G, X). Then
and
Hence we can choose some positive integer n 0 such that ||(f n − f )|| ≤ 1 and ||m θ f n − g|| ≤ 1, for all n ≥ n 0 . Consequently,
Now from (3) we can extract a subsequence {f n } of {f n } such that lim n→∞ ||f n (t)|| = ||f (t)|| a.e.
so that
Again from (3) we can find a subsequence {f n } of {f n } such that lim n→∞ ||θ(t)f n (t)|| = ||g(t)|| a.e.
from (6) and (7) we conclude that θ.f = g a.e. This shows that the graph m θ is closed. Hence m θ is continuous by closed graph theorem.
Theorem 2.3 Let (G, , µ) be a σ-finite measure space and let θ : G → B(X) be a strongly measurable operator valued map. Then m θ :
) is invertible if and only if (i) θ(t) is invertible for µ-almost all t ∈ G;
(ii) there exists δ > 0 such that ||θ(t)x|| ≥ δ||x|| for µ-almost all t ∈ G and for all x ∈ X.
This proves that θ(t) is invertible for µ-almost all t. Now ||x|| = ||ψ(t)θ(t)x|| ≤ ||ψ(t)|| ||θ(t)x|| or ||θ(t)x|| ≥ δ||x||.
Conversely, suppose that each θ(t) is invertible. Let ψ(t) be the inverse of θ(t), then there exists δ > 0 such that ||θ(t)x|| ≥ δ||x|| for every x ∈ X and t ∈ G. So that
for µ-almost all t ∈ G and for all x ∈ X. Thus m ψ is a bounded operator and
Hence m θ is invertible.
Then m θ has closed range if and only if there exists > 0 such that ||θ(t)x|| ≥ ||x|| for each x ∈ X and for µ-almost all t ∈ supp θ = support of θ = t ∈ G : ||θ(t)|| = 0 .
Proof Suppose that the condition is true. Let g ∈ ranm θ . Then we can find a sequence
which proves that
Conversely, suppose m θ has closed range. If the conditions of the theorem were false, then for each positive integer n > 0, there exists a measurable set E n of positive measure and x n ∈ X such that
for µ-almost all t ∈ E n . Since G is non-atomic measure space, we can extract a sequence {F n } of disjoint measurable subsets of positive measure such that condition (8) is satisfied. Let
Therefore ||m θ C xn || ≤ 1 2 n ||C xn || which proves that m θ is not bounded away from zero so it cannot have closed range, which is a contradiction. Hence the condition of the theorem must be true.
Proof If m θ is a compact operator, then its restriction to its invariant subspace L M (N (θ, ), X) is also a compact operator, where
We have ||(m θn − m θ )f || ≤ 1 n ||f || which implies that m θn → m θ as n → ∞. But each m θn is a finite rank operator. Hence m θ is a compact operator. Proof If m θ is invertible, then clearly m θ is Fredholm.
Conversely, suppose m θ is Fredholm. Then ker m θ and co-kernel m θ are finite dimensional and ran m θ is closed. So there exists > 0 such that ||θ(t)x|| ≥ ||x|| for all x ∈ X and t ∈ G. Let s = supp θ. If µ(G \ s) > 0, then the space L M (G \ s, X) is infinite dimensional contained in ker m θ , which is a contradiction. Therefore µ(G \ s) = 0. Now for every t ∈ G and x ∈ X, ||x|| = ||θ(t)(θ(t)) −1 x|| ≥ ||(θ(t)) −1 x|| for µ-almost all t. This proves that m θ −1 is a bounded operator. Clearly m −1 θ = m θ −1 . Hence m θ is invertible.
